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J. Phys. A: Math. Gen. 14 (1981) 1351-1356. Printed in Great Britain 

The Petrov type of a static vacuum space-time near a 
normal-dominated singularity 

J 6) McCrea 
Department of Mathematical Physics, University College, Belfield, Dublin 4, Ireland 

Received 17  October 1980 

Abstract. It is shown that, in a static vacuum space-time, the dominant term of the Riemann 
tensor near a normal-dominated singularity is in general of Petrov type I, although for 
certain values of a parameter y that occurs in the metric it is of type D. 

1. Introduction 

The structure of normal-dominated singularities in static space-times has been studied 
by Liang (1973). Among other properties of such a singularity, it was incorrectly stated 
that the dominant part of the Riemann tensor near the singularity is of Petrov type N. 
The purpose of the present work is to show that, near the singularity, the curvature 
tensor is, in general, of type I, although for certain values of a parameter y that occurs in 
the metric it is of type D. 

In 3 2 the form of the first-order metric near the singularity is derived. In 3 3 the 
dominant terms of the components of the Riemann tensor near the singularity are 
evaluated and the asymptotic Petrov type of the field is determined. 

2. The metric near the singularity 

A normal-dominated static singularity L may be characterised intuitively as a time-like 
singular line boundary of a static space-time with the following properties: (i) each 
event p in a neighbourhood of L can be connected to L by a space-like curve of bounded 
arc length; (ii) if r is the normal geodesic distance of any event p from I,, then the 
surfaces r = constant are time-like 3-cylinders and, as r -+ 0, the intrinsic curvatures of 
the 3-cylinders become small compared to their extrinsic curvatures. For a more 
detailed description of norma!-dominated singularities adapted to the case of line 
sirigularities in a general space-time the reader is referred to Israel (1977). 

In terms of Gaussian normal coordinates based on one of the hypersurfaces 
r = constant, the metric may be written in the form 

ds2=  - V 2 ( r , x A ) d t 7 + d r 2 + g A B ( r , x A ) d . x A d x B ,  A = 1, 2 .  (2.1) 

( 2 . 2 )  

is the extrinsic curvature of the 2-surfaces r = constant, t = constant with respect to the 
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1352 J D McCrea 

hypersurface t = constant, 

and K = KAA,  (2.3) 

(2.4) 
G', = K,, + K A B K B A  + V-' V,, = 0 ,  (2.5) 

G ~ ~ = K , ~ - K ~ ~ ; ~ +  v-'v,,A- v - ' v , ~ K ~ ~ = o ,  (2.6) 

AC K A B = g  KCB 

the vacuum field equations G', = 0 may be written in the form 
2GO - (2) - 0 = R +2K,, + K 2  + K A ~ K B ~  = 0, 

G A  B - (2)  = RAB + KAB,, + KKAB + V-' V,AiB + V-' V,,KAB = 0 ,  (2.7) 

where (')RAB and ("R are the Ricci tensor and scalar respectively formed from the 
metric gAB, a comma denotes ordinary partial derivative and a vertical stroke denotes 
covariant derivative with respect to gAB. 

The requirement of normal dominance means that near the singularit.: the terms 
involving derivatives with respect to r in equations (2.4)-(2.7) are large compared with 
the other terms. As a first approximation to equations (2.4) and (2.7) we may therefore 
write 

(2.8) 

(2.9) 

2K,, + K 2  + KA& B~ = 0, 

K ~ ~ , ,  + K K ~ ~  + V - ' V , , K ~ ~  = 0. 

K = (In Q ) , ~  where Q = (det gAB)'", (2.10) 

Since, by (2.2) and (2.3), 

equation (2.9) takes the form 

so that 

(2.11) 

(2.12) 

where hlAB = h l A B ( x A )  are arbitrary functions of integration. Substituting (2.12) into 
(0 )  (0) 

(2.8) then yields 

Q V = Co(r - ro),  (2.13) 

where 

(2.14) 

and ro = r o ( x A )  is an arbitrary function of integration. Equation (2.12) then becomes 

K~~ = KAB/(r - ro), (2.15) 

with K~~ = p B / C o .  The components of the 2-metric gAB are found by solving the 

(0) 

(0) (0) 
system of equations 
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Let 

The general solution of equation (2.16) is 

g l l  =Ao(r-ro)2p++Bo(r-ro)2p-, 

g12 = gZ1 = Aoa+(r  - ro)2p+ +Boa-(r - ro)2p-,  

(2.17) 

(2.18) 
gZ2 =Aoa: ( r - ro )2P++Boa- ( r - r0 )2p- ,  2 

where A .  = Ao(xA) and Bo = Bo(xA) are arbitrary functions of integration?. A trans- 
formation xfA = xfA(x”)  where 

dx” = 4+(xA)(dx1+ a +  dx2), dxf2 = +(xA)(dxl+a-  dx2), (2.19) 

while 4+ and 4- are chosen so that the right-hand sides of (2.19) are exact forms, yields 
a diagonal 2-metric 

(2)ds2 = g+(xA)(r - r0)2P+(dxC)2+ g-(xA)(r - ro)2p-(dx-)2 (2.20) 

where primes have been dropped, (xl, x2) are from now on renamed as (x+, s-) and 
g+(xA), g-(xA) are arbitrary functions of x A ,  A = -t, -. 

Finally, from (2.13), (2.10) and (2.20), V becomes 

v = Vo(xA)(r - ro)’n 

Vo(XA) = co(g+g-)-1’2, p o =  l - p + - p - = ( y - I ) / ( l + y ) ,  (2.22) 

(2.21) 

where 

and the full first-order metric is then given by 

ds2 = - V’,(r - r0)2po dt2 + dr2 + g+(r - r0)2P+(dx+)2 + g-(r - ro)2”-(dx-)2. (2.23) 

The singularity is at r = ro(xA). However, Liang (1973) has shown that as a result of the 
normal dominance conditions 

(2’KAB(KCDKDc)-’ + 0 

V-lV,A/B(KCDKDC)pl-a 0 as r + ro, (2.24) 

one may, without loss of generality, take r = 0 as the singularity. The metric (2.23) then 
becomes 

as r + yo, 

ds2 = - V2 dt2 +dr2  + g+r2P+(dxf)2 + g-r2p-(dx-)2, (2.25) 

where now 

v = Vo(xA)r2”O. (2.26) 

By the first two equations of (2.17), p., and p -  take values in the range 1 3 p . +  3 p -  3 
-5,  with p +  = 1 when y = 1, p +  = p -  when y = 2 and p -  = - 5  when y = 5 .  However, I 1 

f One should note here that the 2-metric components gAB as given by equation (12) of Liarig (1973) are 
incorrect and his subsequent argument for the existence of a coordinate transformation that diagonalises the 
metric is incomplete. 
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when y = 1 the normal dominance conditions (2.24) are no longer satisfied. In what 
follows we shall therefore exclude this case so that we shall have 

l > p + z p - z  -3. (2.27) 

We note finally that the equations (2.5) and (2.6) have not been used in the 

G', --p(xA)/r2,  G'A - P , ~ ( x ~ ) ( l n  r)/r, (2.28) 

derivation of the metric (2.25). Calculation of G', and GrA for this metric yields 

where 
(identically). A 2 2  

/3 (x ) = p +  + p -  +p+p-  + p +  - p -  = 0 
The symbol - here and in what follows is taken to mean 'equals an expression of which 
the dominant term as r + 0 is'. 

3. The Petrov type 

In order to determine the Petrov type of the Riemann tensor (or the Weyl tensor, since 
we are dealing with a vacuum field) for the metric (2.25) near the singularity, we choose 
a null tetrad 

I ,  d.ra = ( -  V dt +dr ) / J2 ,  n, dx" = - ( V d t + d r ) / J 2 ,  

ma dx" = (g1/2rp4 dx ' + ig?l2rp dx-)/J2,  (3.1) 

rii, dx" = complex conjugate of ma dx". 

For the moment, let us exclude the case y = 5 so that we have 

1 > p ,  > p - .  (3.2) 

$0 - Cabcdlamblcm - i p  + - - p - ) ( ~  - p +  -p-)/2r , 

4 J i =  -Cabcdl n I m - - - ~ p - , + ! p + - p  )g. 
$ 2 ~  - & a h c d ( l a n b i c f l  d - lanbm'f id)--p+p-/2r  2 , 

43= - ~ , b L d n l l l h n c f i ~ i - ~ P _ , ~ i p ,  - - p - ) g ,  In r/rl&'+, 

tb4= - ~ ~ ~ ~ ~ ~ n ~ ~ ~ n ~ ~ f i ~  - ( p .  - p - ) ( l - - p +  -p-)/2r2.  

The dominant terms in the null tetrad components of the Weyl tensor are given by 
d 2 

a b c  d 1 -112 In r/rl+P,, 

(3.3) 
-112 

These components were calculated by means of a REDUCE computer program based on 
an algorithm of Campbell and Wainwright (1977). From (3.3) we see that 40, $2 and $4 

are all of order r 
One may summarise the procedure for determining the Petrov type of a gravita- 

tional field as follows (see, for example, d 'hverno and Russell-Clark (1971)). Let 

2 arid dominate $1 and d i3  as r -+ 0. 

1=L(ko(c14-4$i$3+3d/:1:, (3.4) 

(3.6) 

( 3 . 7 )  
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Then the Weyl tensor is 
(i) at least of type I1 if and only if 

= 27J', (3.8) 

(ii) at least of type I11 if and only if 

I = J = O ,  (3.9) 

(iii) of type N if and only if 

G - H = I =  J = ( )  (3.10) 

(iv) of type D if and only if, in addition to (3.8), 

G = $:I - 1 2 H 2 = 0 ,  (3.11) 

Substituting from (3.3) into (3.4) and (3.5) and using the second equation of (2.13), 
and (3.9) is not satisfied. 

one obtains 

(3.12) 

Hence, in general the dominant part of the asymptotic Weyl tensor is of Petrov type I. 
At events where y = 5 ,  which means that p +  = 3 and p -  = -;, the right-hand side of 
(3.12) vanishes so that the asymptotic Weyl tensor is at least of type 11. Note that the 
cases y = 1 and y = 1 have been excluded by condition (3.2). One may then verify that 
for y = 5 the dominant part of the Weyl tensor satisfies (3.11) but not (3.9), so that for 
this case the asymptotic Weyl tensor is of type D. 

At events where y = 5 ,  which have been excluded above, one finds that p +  = p -  = 7 

and 

$2- 2/9r2, (3.13) 

while the other 4's are of a lower order. Hence, in this case, the asymptotic field is again 
of type D. 

In the paper by Liang (1973) a null tetrad V u ,  n' , ,  mfa ,  Fz', is chosen where, in ternis 
of the tetrad defined above, 

l ' ,  = v-?,, n ' ,  = Vn,, m',  = m,, (3.14) 

and V is given by (2.26). The relations between the components of the Weyl tensor in 
this frame and those of the present work are 

13-27J2-4(1-  y)6(2y- l ) (y-5)z / ( l+  y )  12 r 12  . 

2 

2 

*Ib = v-2*o, *; = v-**1, 4; = *2, $; = v*3, *: = V2G4. 
(3.15) 

Thus, omitting the coefficients of the powers of P and excluding the case y = 4, 
4~ , . - 4 + 2 ~ + + 2 ~  1 - - r - 4 ~ / ( 1 + ~ )  , 

In r, *; - r i - 2 + P _ )  In = r - ( 1 + 2 Y + ( 2 v - l ) l ' z ) l ( l + Y )  

* L - r  , 
*; - r-(2PT+P-) In = r - r 3 + ( 2 Y - 1 ) 1 ' 2 1 / ( l + Y )  In r, 

(3.16) -2 

,j,: - r - 2 ( ~ , +  P - )  = 4 / ( 1  L ~ )  

Liang concludes that since the doininant term near the singularity is either $b or +'I;, 
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depending on whether y > 1 or y < 1, the asymptotic Weyl tensor is of Petrov type N. 
However, this conclusion is invalid. The relative dominance of the $’s can be changed 
at will by a suitable scaling of I ,  and n,. On the other hand, the invariant procedure 
employed above is unambiguous and when applied to (3.16) leads to the results already 
established. 

4. Conclusion 

Because of the arbitrariness in the scaling of the null tetrad vectors I ,  and na, care must 
be taken in determining the Petrov types of asymptotic fields. The invariant procedure 
of 5 3 avoids any ambiguity in this regard. The application of this procedure to 
normal-dominated static singularities shows that the asymptotic field near the 
singularity is, in general, of type I except where y = 5 and y =3 when it is of type D. 
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